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Abstract 
Comfort, W.W. and D. Remus, Long chains of Hausdorff topological group topologies, Journal 
of Pure and Applied Algebra 70 (1991) 53-72. 
For certain classes 4 of topological group topologies on a group G, we determine those cardinals 
B which arise as the length of a chain in 4. We show, for example, that if G is Abelian with 
/Cl =IY?W and 4 is either the class B of totally bounded (=pre-compact and Hausdorff) 
topological group topologies for G or the class &’ of non-totally bounded topological group 
topologies for G, then there is a chain 0 in 4 such that lP/ =2(a’). The same conclusions hold 
when G is a free group of cardinality c( and 4 = B. 
Introduction 
The symbols a, p, y, K and A denote infinite cardinal numbers, and o is the least 
infinite cardinal number. The symbols c and q denote ordinal numbers. The sym- 
bols m and QJ denote respectively the class of all infinite cardinal numbers and 
the class of all ordinal numbers. As usual for <IZ~ we write 
r = {II: a<<), 
and for A EC’J and K a (possibly finite) cardinal we write 
K<’ = C {K~: y is a cardinal, y<A}. 
It is known (see for example [4, 1.221) that 
2<” = c (2 ‘<I: TEOJ, <<A>. 
The least cardinal greater than K is written K’. The continuum hypothesis [CH] is 
the statement W’ = 2w, and [GCH] is the statement that K’ = 2’( for all K E a. 
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The power set of a set S is written 9’(S). That is, 
9(S) = {A: AGS}. 
By a chain in B(S) we mean a chain under inclusion, that is, a subset % of Y(S) 
such that if A E g and BE g then either A G B or B c A. 
The symbols 77, Q, iR, C and T denote respectively the set of integers, the set of 
rational numbers, the set of real numbers, the set of complex numbers, and the unit 
circle, in each case with the usual topological and algebraic properties. The set 
Ip= {2,3,5,...}cZ 
is the set of positive primes in Z, and Z(p”) for PE P is the Prtifer group 
Z(p”) = (e2nik’p”: k, n E Z} c U. 
Except when we make explicit mention to the contrary, our topological spaces are 
assumed to be completely regular Hausdorff spaces-that is, Tychonoff spaces; in 
particular, our topological group topologies all satisfy the Hausdorff separation 
axiom (and are therefore Tychonoff spaces). 
This paper is organized as follows. Section 1 describes the set-theoretic (combina- 
torial) principles we need; Section 2 cites theorems from the literature concerning 
Abelian groups and topological groups; our new results on chains of topological 
group topologies are given in Section 3 (concerning Abelian groups) and Section 4 
(concerning free groups). 
Some of our results were announced in the abstract [5]. 
1. Set-theoretic considerations 
Revising slightly a notation of Baumgartner [2], for K, A E CJ we write C(K, A) if 
there is in P(K) a chain of length 2. (The equivalence of our condition C(K, A) with 
condition D(K,A) of [2] is assured by Theorem 2.1(b) of [2] and conditions (6)-(g) 
of p. 406 of [2].) Concerning this notion, three observations are immediate. 
(i) From the equality IW(K)I =2K it follows that, if C(K,A), then L 12K. 
(ii) Writing 
< = {q: r<t) for c<K 
and taking K7= {[: [<K}, it is clear that % is a chain in P(K) with 1 f8 = K; thus 
C(K, K) is a theorem of ZFC for each K E CAJ. 
(iii) Writing 
C(r) = {qeQ: q<r} for relR 
and taking g = {C(r): r E IR}, it is clear that g is a chain in Y(Q) such that I+3 I = 
2O; thus C(W,~~) is a theorem of ZFC. 
It is tempting to speculate on the basis of (iii) that C(K, 2K) holds for all K E a, 
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but Mitchell [19] has found models where C(K i, 2k’) fails. In his models, CH also 
fails (as it must-see Corollary 1.8 below). Since (as will become clear in Section 
2 below) our interest in the present paper is in conditions of the form C(K,A) 
with K of the form K =2a, we came to wonder whether perhaps C(2”,2’2a’) is a 
theorem of ZFC for all (Y E QJ. The work of Baumgartner [2] shows that the answer 
to this question is ‘No’. In order that the present paper be largely self-contained, 
we describe briefly from [2] a set of conditions sufficient to show that even 
C(2w, 2’*“3 can fail. 
1.1. Lemma (Baumgartner [2]). C(K, (K<~)+) fails for all singular K E a. 
Proof. As noted by Sierpinski [26,27] and Baumgartner [2,2. l] and elsewhere, the 
condition C(K, A) is equivalent to the condition that a set L of cardinality 1 can be 
linearly ordered in such a way that some Kc L with IK 1 = K is dense in L. (That K 
is dense in L means that if U, o EL with u < u then there is k E K such that u < k< u.) 
Now if K is dense in L with L linearly ordered and IKj =K, then every XE L is the 
supremum or the infimum of a subset K(x) of K. Since K is singular we may take 
IK(x)I<lc, so ILIIP. 0 
The existence of models of ZFC with cardinals (x as in the hypothesis of the next 
theorem is due to Easton [7]. See also [2]. 
1.2. Theorem (Baumgartner [2]). Let K = 2a be a singular cardinal for which there 
exists a sequence (K~: r<cf(~)} such that 
K = SUP Kc, and 
e<cf(K) 
K 5 <U,<K< 2Kt<2Kt’ for r < Yj < Cf(K). 
Then C(IC,~~) fails. 
Proof. For all <K there is K~ such that A <Ky, so 
K11KK5=KI.Kc=2a.d.K~=2Kt. 
it follows that K<~ =zcK. Now if C(K,~~) then from Lemma 1.1 follows 
2K 5 K’K = 2<K 5 2K 
and from Konig’s theorem and the hypothesized conditions on the sequence 
{K[: <<cf(~)} we have the contradiction 
K < Cf(zK) = Cf(2-) = Cf(K) < K. q 
1.3. Corollary. C(2w,2’2w’) is not a theorem of ZFC. 
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Proof. It is enough to choose a model of ZFC with 2” = X k, in which 2w< 
2”<2’4 whenever o<t<q< Xi. 0 
1.4. Remark. We are indebted to Istvan Juhasz for helpful conversations con- 
cerning Lemma 1.1, Theorem 1.2 and Corollary 1.3. It has been pointed out to us 
by Alan Dow and Stevo TodorEeviC, responding to a question raised earlier in con- 
versation with Juhasz, that there exist models of ZFC in which 2w is regular and 
C(2w, 2r2w)) fails. Indeed it is enough in Theorem 5.7 of [2] to take 2”= X, and 
Y= {2w}; in the resulting model even a weaker condition, A(2”, 2’*“)) in the nota- 
tion of [2] and [19], fails. 
This completes our discussion of obstructions to the appealing (but unprovable) 
condition C(K,~~). In the positive direction, C(K,K’) is a theorem of ZFC for all 
K em. The results of 1.5-1.9 are available in [2]. 
1.5. Lemma (Sierpinski [26]). C(2<‘:, 2’) for all A E @. 
Proof. For <<A set 
A(r) = (h~2’: h(r) = 0, h(q) = 1 for l<q<A}, 
notice IA(<)l =21ri, and define 
A = u A((). 
r<A 
As indicated earlier, we have IA 1 = 2 <i Now with A c 2’ and with 2’ ordered lexi- . 
cographically, for f E 2” set 
L(f) = (hEA: h<j-}. 
It is then easy to see that the family 
% = {L(f): fE2%} 
satisfies % C P(A), IA 1 = 2”‘, and 1 i!Z = 2’. Furthermore, g is a chain: if f < g in 
2’, then L(f) c L(g) and L(f) #L(g). 0 
1.6. Corollary. C(2K, 2(K’)) for all K E @. 
Proof. Take ,r. = K+ in Lemma 1.5. 0 
1.7. Corollary. C(K, K+) for all Ic l m. 
Proof. Let )3. be the least cardinal for which 2’>rc. Then 
2’* 5 K <K+ 5 2’, 
and from C(2<‘, 2A) follows C(K,K+). 0 
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1.8. Corollary. If K+ =2K, then C(K,~~) and C(2K,2’2K’). 
Proof. From Corollaries 1.7 and 1.6. 0 
1.9. If GCH, then C(K, ZK) for every K E a. 0 
The following simple result will be used in Theorem 3.8 below. 
1.10. Proposition. Let K E QJ and let !9 be a chain of sets such that (C 1 I IC for 
each CE ~3. Then I’&? ~2~. 
Proof. We assume without loss of generality that 1 g1 = (2K)+. Since ) IJ 61 I (2K)+ 
is clear, and 1 U ~7 5 2K is false (since a set of cardinality 2K has only 2K-many sub- 
sets of cardinality K), we have 1 U gl = (29+. Choose C(0) E ‘&? and recursively, if 
5 I K+ and C(q) has been chosen for all q < <, choose xc E (U VZ) \ (U,, r C(q)) and 
find C(l) E g such that xr E C(r). For q < (5 IC+ the inclusion C(c) c C(q) fails, 
since x( E C(t) \ C(q); thus C(q) c C(r). The conditions 
)C(K+)I = Ic+, C(Kf) E g 
give the required contradiction. 0 
2. Notation and results from the literature 
We use G and Ax to denote the class of groups and of Abelian groups respec- 
tively, and for GE G we write 
P(G) = {Hc G: H is a subgroup of G}. 
2.1. Theorem (Kakutani [15]; see also [8,47.5] and [13,24.47]). If GEAG with 
IGJ =CXZW, then IHom(G,T)I =2a. 0 
The torsion-free rank and the p-rank (for PE P) of an Abelian group G are 
denoted r,,(G) and r,(G), respectively; the rank of G, denoted r(G), satisfies the 
relation 
r(G) = r,(G)+ c r,(G). 
PEP 
For basic properties of the cardinal-valued functions r,,, rp and r the reader is refer- 
red to [ 13, Appendix A] or [8, Chapter 71. The next result is proved in [23, 
Lemma 21. 
2.2. Theorem. Let GEAJ with lGl?w. If r(G)<o, then IGl =cc), and if 
r(G)rcu, then r(G)= IG/. 0 
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From Theorem 2.2 and [8,16.1] we have Theorem 2.3. See also [18] and [3, 
Theorem 1.11. 
2.3. Theorem. Let GE As with r(G) L w and 1 G 1 = a. Then 
(a) G contains a direct sum as follows: 
with G, cyclic and 1 G, I> 1 for all 5 < a; and 
(b) there is a subgroup H of G such that 1HI = a and 1 G/H 12 co. 0 
2.4. Corollary. Let G E Ax with r(G) 1 w and /G I = a. Then 
(a) lY(G)I = 2a; and 
(b) if C(a, /I), there is a chain & of subgroups of G such that I& 1 =p. 
Proof. (a) The inequality 18(G)I I 2 a is clear, since P(G) c B(G). With G1 
@<<a G, as in Theorem 2.3, the map 
given by 
A+@G, 
<GA 
is one-to-one, so 19’(G) 1 I Isl(a)l = 2’. 
(b) Let E? be a chain in 9(a) such that 1 f7 1 =/I, and for CE SZ? define H(C) = 
0 rEc G,. Then 
& = {H(C): CE ‘8) 
is as required. 0 
For GE G we will consider the following sets of topologies on G. (The definitions 
which are not totally standard are given below.) 
r(G): the set of all topologies for G. 
E(G): the set of all topological group topologies for G. 
AI(G): the set of all metrizable topological group topologies for G. 
L(G): the set of all linear topological group topologies for G. 
B(G): the set of all totally bounded topological group topologies for G. 
N(G): the set of all non-totally bounded topological group topologies for G. 
To help fix ideas we note that 
(i) in determining whether a subfamily g of W(G) satisfies go r(G), the alge- 
braic structure of G is ignored; and 
(ii) for GE G we have 
and 
M(G) U L(G) U B(G) UN(G) c E(G) c T(G), 
TG(G) = B(G)UIV(G) with B(G)n&(G) = 0. 
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For each of the classes A(G) we write YEA(G), (G, .Y) E,~(G) and (G, .Y) EA 
interchangeably. 
The identity element (the neutral element) of a group G is denoted e,, or by e 
if confusion is unlikely, and when G carries an index (for example, G = Gr) we 
write e[ in place of ec,. For G = (G, S) E E we write 
J/(e) = {UC G: eE UE g}. 
A topological group topology g for GE G is said to be linear [8, p. 291 if there 
is a local s-base at e consisting of (open) subgroups (in symbols: UcJf(e) --t 
Jy(e)nY(G)OY(CJ)+0). 
A group G E E is said to be totally bounded if for every U E N(e) there is finite 
F c G such that G = FU. It is nearly obvious that every subgroup of a compact group 
is totally bounded. It is a theorem of Weil [28] that every GE@ is a subgroup of 
a compact group K. One may choose G dense in K, in which case K is unique in 
the obvious sense; we write K= G and we refer to K as the Weil completion of G. 
For G = (G, g) E E we denote by G or by (G, .Y)* the set of continuous homo- 
morphisms from G to the circle group 8. 
2.5. Theorem (Comfort and Ross [6]). For GEAG and for H a point-separating 
subgroup of Hom(G,U), let mu be the topology induced on G by H. Then 
(a) fi E B(G); 
(b) (G, &>^ = H; and 
(c) if H and J are different point-separating subgroups of Hom(G,U), then 
g_I;tgJ. 
Conversely if g is a topology for G such that DEB, then g= .%I with 
H= (G, gH>^. In this case the local weight of (G, g-> is equal to 1 if G is finite, and 
is equal to IH 1 if G is infinite. 0 
Of course (c) is a consequence of (b). Our restriction in Theorem 2.5 to subgroups 
of Hom(G, U) which separate points is motivated by our interest only in topological 
groups which satisfy the Hausdorff separation axiom. 
The following consequences of Theorems 2.1, 2.3 and 2.5 are among those noted 
by the present authors separately [23] or with co-authors [3]. (Statements (a), (c) and 
(d) are given in [3] and [23], and (b) appears in [3].) We include a brief proof of 
(a) because it serves to introduce some of the ideas we use in Sections 3 and 4. For 
other results concerning the structure of the partially ordered set of totally bounded 
topological group topologies on an Abelian group, the interested reader may consult 
[31. 
2.6. Theorem. Let GE A_G satisfy (G ( = a 2 CO. Then 
(a) J&(G)1 = 2@“); 
(b) /M(G)1 = 2”; 
(c) ifo~a~c, then IM(G)nL?(G)j =2’; and 
(d) if CC a, then M(G) fl B(G) =0. 
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Proof. Choose KE Y(Hom(GJ)) such that (K / =(x and K separates points of G. 
It is clear from Theorem 2.1 and Corollary 2.4 that there are 2’20’-many sub- 
groups H of Hom(G,U) such that Hs K. (In detail: from lHom(G,T)/K 1 =2’ 
follows lg(Hom(G, IQ/K) j = 2’*“‘, and with @ : Hom(G, P) + Hom(G, U)/K the 
natural homomorphism the family 
{@-l(E): E E LP(Hom(G, U)/K)} 
is a family of such subgroups H.) The topologies gH (defined as in the statement 
of Theorem 2.5) are then as required. 0 
Since a topological group topology g for GE _G satisfies .YE Y(S(G)), and 
~LP(P(G))~ =2’2U’ when jG / = a, Theorem 2.6(a) is best possible: There are as 
many totally bounded topological group topologies for an infinite Abelian group 
G as there are subfamilies of P(G). Our early hope when we initiated the present 
investigation was to the effect that there might be a chain of length 2’*O’ of such 
topologies on G. The ‘converse’ portion of Theorem 2.5, together with the indepen- 
dence phenomena described in Theorem 1.2 and Corollary 1.3, shows that the exis- 
tence of such a chain cannot be proved in ZFC. We turn now to see what can be 
proved. We use this notation. 
Notation. Given GE _G and 4 L r(G) and j? E CJ, we say that G satisfies C(A, p) 
if there is a chain g such that g c 4 and 1 EY 1 =p. 
Our goal in Sections 3 and 4 is to address portions of the following very general 
question. 
Given G E _G and 4 E { T TG A4 L B N} , for what p E a does G satisfy C(/J, p)? _>-?_?_7_9_ 
3. Long chains when G is Abelian 
We begin this section with three preliminary lemmas. The first of these shows that 
the group z of integers satisfies a strong chain condition. 
For X a space and {q: itz Z} a set of topological group topologies on X we 
denote by ViEl q the weakest topology for X containing each of the topologies 6. 
(When Z= (0, 1) we write V .$ = &V .F,.) It is well known that if GE _G and 
each z satisfies (G, $1 E TG, then also (G, ViS, 4) E E (see for example [13, 
4.18(b)]). In our next lemma we will need the following three statements in the 
special case G = z. 
(a) If each $EZM(G) with ~Z~SU, then VIEI ~EJ~(G); 
(b) if each 6 EZ?(G), then Vitl q E B(G); and 
(c) if each MEL, then Visl se&(G). 
To prove (a) it is enough to note that as the supremum of at most countably many 
metrizable topologies, VIE, 6 has a countable local base at e and is itself therefore 
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metrizable (cf. [13, 8.31). From Theorem 2.5 it follows that if DEB then 
Vie-I q is the (totally bounded) topology induced on G by the subgroup of 
Hom(G,U) generated by UiEl ((G, $;.>^); thus (b) holds. For (c) we note that if Bi is 
a set of subgroups of G and 9~~ is a base for q at e, then {n 9: 9~ Uicl Bi, 1.~ co} 
is a set of subgroups of G and is a base for ViEI .$ at e. 
3.1. Lemma. The group Z satisfies C(Mngn&,c). 
Proof. For p E fP let g(p) be the usual p-adic topology for Z, and for A c P set 
$(A) =&A g(p). Since g(p)~n/l(Z) fl B(Z) fl L(Z) for each pa F’ and each 
A c P satisfies IA 1 SOI, we have 
$(A)EA~(Z)~B(Z)~&(Z) for each A c fP 
by (a), (b) and (c) above. Since $/I(A) c g(B) whenever 0#A c B, and there is (by 
(iii) preceding Lemma 1.1) a chain in P(lP) of length c, it is enough to show that 
if A, B c P with A #B then g(A) # g(B). If p EA \ B and g(A) = g(B) then since 
pZ E g(p) there are n E N, pi E B and k; E iN such that 
oEprl~np,k’~n...np,““~~p~. 
It follows that p divides fly=, p,? and hence p E {pi: is n} c B, a contradic- 
tion. 0 
We note in passing that the conclusion of Lemma 3.1 cannot be established for 
every countably infinite Abelian group. Indeed for p E P and S a proper subgroup 
of Z(p”) there is n E N such that 
From this, two remarks follow. (1) Since IZ(p”)/S,l =CO, we have B(Z(p”))fl 
&(Z(p”)) = 0. (2) Since every (Hausdorff) linear topological group topology g on 
Z(p”) must satisfy S, E fl for arbitrarily large n (hence for all n), the only such 
topology for Z(p”) is the discrete topology and therefore 1 ET 1~ 1 for every chain 
g in &(Z(p”)). (See Remark 3.13 for a more general result.) 
The following lemma is elementary: 
3.2. Lemma. Let GEAG and HE P(G), and for ABET define 
g’= {x+u: XEG, UE~}. 
Then 
(a) if TEA(H) with 4 E { T TG A4 L IV}, then .VEA(G); and _?_?_Y_?_ 
(b) if g,, g, ET(H) and & # g,, then 3,,# g,‘. 0 
(The case 4 = M depends on the observation that if B is first countable on H then 
g-’ is first countable on G, hence is metrizable.) 
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We note that the analogue of Lemma 3.2 fails for 4 = B(G). Indeed for .YE T(H) 
we have $‘EB(G) if and only if $7~ B(H) and \G/H) <w. 
A topological group G = (G, gI> is said to be minimally almost periodic (ab- 
breviation: m.a.p.) if every s-continuous homomorphism H: G + K with K a com- 
pact group satisfies h(x) =eK for all XE G. When G is Abelian this condition is 
equivalent to the condition 1 (G, g>^ /= 1. For a proof of the following lemma, 
and for other results about the class of m.a.p. groups, the interested reader may 
consult [24]. 
3.3. Lemma (Remus [24]). Let G EA_G, let .!!& be a m.a.p. topological group 
topology for G, and let .Y,, &E e(G) with 9, # &. Then 
Our principal results in this section are of three kinds: Theorem 3.4 and Corollary 
3.5 deal with chains in T, E, B and H, 3.6 through 3.10 concern chains in M, and 
3.11 through 3.16 are concerned with I&I and chains in L. Of our various results, 
the following (and Theorem 3.15, its analogue for &) are the most definitive. 
3.4. Theorem. Let (Y, p E m and let 4 E { 1, E, 8, N}. Then the following condi- 
tions are equivalent: 
(a> CT? P); 
(b) some G E Ax with /G 1 = (Y satisfies C(A, /3); and 
(c) every G E Ax with /G / = cr satisfies C(A, /3). 
Proof. Every 3~ T(G) with G as in (b) satisfies 8~ 9(G), so from IP( = 2” it 
is clear that the existence of a chain in T(G) of length p gives C(2”, /3). Thus 
(b) + (a) for 4 E { T, TG, B, JV}. Since (c) + (b) is obvious for each 4, it remains to 
show (a) + (c) for each 4. We consider two cases. 
Case 1: 4 E {T, TG,B}. Since B(G)cE(G)c_T(G), it is enough to treat the 
case 4 = B. 
Choose K E ,Y(Hom(G, U)) such that IK 1 = a and K separates points of G, note 
from Theorem 2.1 that / Hom(G, U)/K 1 = 2”, and use Corollary 2.4(b) (with G and 
(x replaced by Hom(G, U)/K and 2”, respectively) to find a chain 6 of subgroups of 
Hom(G, U)/K with 18 1 =p. As in the proof of Theorem 2.6(a) let @ : Hom(G, U) 4 
Hom(G,U)/K be the natural homomorphism, and for EE& set 
H(E) = @-l(E). 
It follows from Theorem 2.5(b) that {gH(,): E E&} is a chain in e(G) as required: 
For E, FE& with EC F and E+F we have H(E) #H(F) and therefore gHcEj c 
.%(F) with %E) f &J(F). 
Case 2: 4 =N. If r(G)zcu then by Theorem 2.3(b) there is HE B(G) such that 
1HI =a and IG/HI _ >o, and according to Case 1 applied to H there is a chain 8 
in B(H) such that ) f$ =p. Then 
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defined as in Lemma 3.2 is a chain in N(G) of length p, as required. It is an im- 
mediate consequence of standard structure theorems in the theory of Abelian groups 
that if r(G)<o then G contains a subgroup H which is isomorphic either to Z or 
to one of the groups Z’(p”). (See [8] for the general theory, [16, Exercise 491 for 
an explicit statement, or [17] or [21,4.2] for a statement and proof). It is known 
that &(H)#0; indeed, according to Ajtai, Havas and Komlos [l] there is a m.a.p. 
topological group topology go on H. Now use Case 1 to produce a chain ‘S? in 
B(H) with (gJ =/I and conclude from Lemma 3.3 that 
is a chain in N(H) of length p, and apply Lemma 3.2. q 
We remark that it follows from Theorem 3.4 that for GEAR the behavior of G 
with respect to the question of the existence of long chains in A(G) (for 4 E 
{ _T, 7G, B, 8)) depends only on ( G 1; once G is taken Abelian the existence of a chain 
of length p cannot be guaranteed or thwarted by imposing or depriving G of some 
additional algebraic property. 
3.5. Corollary. Let CY E CIJ, G EAG and 1 G / = a, and 4 E { T, TG, B, 8). Then 
(a) G satisfies C(FJ, 2’a”) and C(A, (2a)‘); 
(b) if a+ =2’ or (2”)+ =2’2”‘, then G satisfies C(FI,~‘~O)). 
Proof. (a) follows from Theorem 3.4 and Corollaries 1.6 and 1.7, and (b) follows 
from (a). 0 
We turn next to the question of the existence of chains of metrizable topologies 
on Abelian groups. 
The proof of the following lemma is evident: 
3.6. Lemma. Let G= @,,, G, and for k<o let Ek=mnSk (e,,}x @n,k G,. 
Then (Ek: k<o} is a local base at eG for a topology ~EIW(G)~L(G). 0 
We noted above in Theorem 2.6 that if G EAI satisfies /G 1 = w then 
lM(G)fiB(G)I =2w, and if GEAR satisfies IGl =azcc, then IM(G)I =2a. Our 
next result strengthens these statements. (We note that the proof of Theorem 3.7(b) 
is essentially the proof given in [3,6.2] of Theorem 2.6(b) above, modified to 
accommodate the existence in Y(a) of a chain of length p.) 
3.7. Theorem. Let a,/lECJand GEAG with ICI =a. Then 
(a) if o~a~c, then G satisfies C(AJfl&c); and 
(b) if r(G)zu, then 
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(i) IM(G) fl I,(G)1 = 2’ and 
(ii) if C(c-w, p), then G satisfies C(Mfl&, p). 
Proof, (a) Let H= Hom(G, U) and let K be a countable, point-separating subgroup 
of H. (The existence of such a subgroup is shown in [3] .) Since /H I= 2”~ c > cu by 
Theorem 2.1 and r(H)zw by Theorem 2.2, we may use Theorem 2.3(a) to write 
H> @ H, 
re!R+ 
with IH,i =o for each rE R+; here the index set R+ is the set of non-negative real 
numbers. We assume without loss of generality, replacing H by H/K as in the argu- 
ment of Theorem 2.6, that K=H,, i.e., that Ho separates points of G. Now for 
rE R+ write 
E(r) = @ {H4: Osqcr, qEQ}, 
note that {E(r): r E R+} is a (faithfully indexed) chain of countable, point-separating 
subgroups of H, and use Theorem 2.5 to conclude that 
{ ?&) : rE R+} 
is a chain in M(G) tl B(G) of length c, as required. 
(b) Use Theorem 2.3(a) to write 
G2G’=@ G, 
<<a 
with each /G,I =cu. According to Lemma 3.2, conclusions (i) and (ii) for G will 
follow from the corresponding results for G’; thus for notational simplicity we 
assume in what follows that G = G’. Amalgamating and reindexing if necessary, we 
assume further that each group G, has the form 
G< = @ G,, 
n<UJ 
with each /G,,l = w, and following Lemma 3.6 for k< cc) we write 
&,k = @ (et,.] X @ G<,n; 
nsk n>k 
then {Ey,k: kc co} is a local base at eg for a topology .Y({) EM(G() f-I L(Gg). Next 
for A c_ a as in [3,6.2] we define 
and 
and we let 
&(A) = @ E5,k for ke o, 
CeA 
g(A) be the topological group topology for G(A) for which 
{E,(A): k< w} 
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is a local base at eA. Since {&(A): k<w) is a countable family of subgroups of 
G(A) such that E,(A) I&+~@) and Ek(A)#Ek+,(A) for k<o, we have 
.%A) EM(G(A)) n L(G(A)) 
for all A C cr. (The fact that the topology g(A) satisfies the Hausdorff separation 
axiom follows from the fact that nkcw &(A) = {eA}.) 
Finally for A L a define g’(A) E E(G) by the rule 
(G, Y(A)) = (G(A), F(A)) x G(a\A), 
where the second factor is endowed with the discrete topology. It is clear that 
Y’(A) EM(G) fl L.(G) for A L a, and that $‘(A) 2 g’(B) if A c B c a. Thus to com- 
plete the proof of both (i) and (ii) in (b) it is enough to show that if A, B c cr with 
A #B then Y(A) # B’(B). Suppose without loss of generality that there is q E A \ B, 
let {x(k): n < o} be a sequence in G, such that x(k) # e,, and x(k) converges to e,, 
in (G,, g(q)), and define p(k) E G by the rule 
P(k)< = c x(k) if T=v, ec if r#q. 
Then p(k) converges to eG in (G, Y’(A)), but p(k) does not converge to eG in 
(G, Y(B)): Indeed v E~\B and p(k), is not eventually the constant sequence e,, 
so p(k), does not converge to e, in the discrete group G,,. 0 
Our next result indicates that Theorem 3.7(a), to the effect that every GEAR 
satisfies C(@fI B, c), is best possible in a strong sense. 
3.8. Theorem. Let G E Ax satisfy C(AJfl B, p) with j3 E m. Then 
(a) w< ICI IC, and 
(b) j3sc. 
Proof. From pro follows IG 1 >a, so Theorem 2.6(d) gives (a). To prove (b) it 
is enough to note that if & is a chain in M(G) fl B(G) then according to Theorem 
2.5 the set E?= {(G, $/I>^: .YEG} is a faithfully indexed chain (in Hom(G,T)) of 
countable sets, so that 
by the case K =w of Proposition 1.10. 0 
Theorem 3.7 can give us information about chains in MfI &‘, as follows. 
3.9. Corollary. Let LY, /3 E a, let G E AJ with ) G ) = a, and suppose that C(cq /?) 
holds. Then G satisfies C(Mfl N, /I). 
Proof. If r(G) z cu then by Theorem 2.3(b) there is HE Y(G) such that JHJ = (Y and 
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/G/H 12 co, and by Theorem 3.7(b)(ii) applied to H there is a chain g in A4(H) with 
I??1 =p; then 
defined as in Lemma 3.2 is a chain in M(G)nE(G) of length /3, as required. If 
r(G)<o there is HE Y(G) such that H is isomorphic either to Z or to one of the 
groups Z(p”), and there is a m.a.p. topological group topology g, on H. We 
assume without loss of generality, replacing se if necessary by a smaller topology 
generated by a suitably chosen countable subset of go, that TO~M(H). Then 
with E? a chain in M(H) n IS(H) of length p (as given by Theorem 3.7(a)) is a chain 
in M(G) tl N(G) of length p, as required. 0 
3.10. Corollary. Every GE As with 1 G 1 = a 5: o satisfies C(Mn 8, a+). 
Proof. From Corollaries 1.7 and 3.9. 0 
We conclude this section with results concerning L(G) and its chains for GE As. 
It is a theorem of Kertesz and Szele 1171 that an infinite Abelian group G admits 
a non-discrete linear topological group topology if and only if G does not satisfy 
the minimum condition for subgroups. The structure of Abelian groups which 
satisfy the minimum condition for subgroups is well known; see for example [8, 
Theorem 25.11. 
For the reader’s convenience we begin with a theorem from Heine [12]. 
A filter p on a set is said to be non-principal if n p = 0. We denote by @‘“l(u) the 
set of non-principal filters on a. 
3.11. Lemma (cf. Heine [12]). Let G = @<<a G,EAG with each lG,l> 1, for 
A c a set 
and for p ~#(a) let S(p) be the topological group topology on G for which 
(S(A): A EP} is a base at e. Then 
(a) g(p)eL,(G), and g(p) is non-discrete; 
(b) ifp c q with p,q~@(a), then g_(p) c 3(q); and 
(c) if p+q in $(a), then S(p)+ g(q). 
Proof. (a) and (b) are obvious. For (c), it suffices to show that if A~p\q then 
S(A) f g(q). If S(A) E g(q) there is BE q such that S(B) c S(A), and then from 
A > BE q E 9(a) follows A E q, a contradiction. 0 
3.12. Theorem (Heine [12, 5.5.11). Let GE As with r(G) 2 o and 1 G 1 = (Y. Then 
IL/(G)1 =2’2u’. 
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Proof. With G a G’= a5._ G, as in Theorem 2.3, it is by Lemma 3.2 enough to 
show I&(G’)I =2 . @“) Accordingly we may assume that G= G’; it is then enough, 
according to Lemma 3.11, to show I@(a)1 = 2(2u). This result is well known. 
Indeed, as is noted by Gillman and Jerison [9, Notes to Chapter 91, it is a theorem 
of Hausdorff that there are 2(2a) -many non-principal ultrafilters on a. 0 
3.13. Remark. It is shown by Heine [12, 5.51 that for infinite Abelian torsion 
groups G the statement above is best possible in the sense that the three conditions 
(i) r(G)ro, 
(ii) G has a non-discrete linear topological group topology, and 
(iii) l&(G)1 =2@“) 
are equivalent. According to Heine, the problem of finding IL(G )I for arbitrary 
GEAR will be solved if I&(G)1 can be determined for all torsion-free groups 
GEAR with r(G)<o. In view of the equivalences cited above, part (a) of the fol- 
lowing theorem (which supplements Theorem 3.7(b) above) describes /M(G)fl 
L(G)1 fully for all GeAl. 
3.14. Theorem. Let ) G 1 = a 2 w with G EFJ and with G not a torsion group of finite 
rank. Then 
(4 IM(G))nL(G)l=2a, and 
(b) if C(cr, p) holds, then G satisfies C(AJn L, p). 
Proof. Both statements follow from Theorem 3.7(b) if r(G)ro, so we assume in 
what follows that r(G) < w. Then a = o, and from (i) preceding Lemma 1.1 it fol- 
lows that plc in (b). Since G is not a torsion group, G contains a copy of Z. In 
view of Lemma 3.2, then, it is enough to show that Z satisfies C(@fl&, c), and this 
is a consequence of Lemma 3.1. •I 
According to Remark 3.13, the equivalences of Theorem 3.4 must fail for torsion 
groups of finite rank when 4 =&. It is clear more generally that if G is any (neces- 
sarily countable) group such that /V(G)/ = cc), then 
IL(G)1 5 IWW’(G))/ = c 
and accordingly, even though condition C(2w, (2”)‘) holds (by Corollary 1.7), the 
group G does not satisfy C&c+). These observations explain the presence of the 
restrictive hypothesis r(G) 2 CL) in the following result, which we believe is the correct 
and full analogue of Theorem 3.4 for 4 =&. 
3.15. Theorem. The following conditions are equivalent for (x, p E QJ. 
(a) C(E P); 
(b) some GE As with 1 G I =(x and r(G) 2 o satisfies C(&, /3); 
(c) every GE As with I G I = (Y and r(G) I w satisfies C(&, p). 
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Proof. As in the proof of Theorem 3.4, it is enough to show that (a) --f (c). To prove 
(c) it is enough to show that there is a chain E 5 S(a) with ) t7 1 = p-for then, accor- 
ding to Lemma 3.11, the set {g(p): PE g} (with g(p) defined as in Lemma 3.11) 
is a chain in L(G) of length /3. 
According to Theorem 3.4 there is a chain g’ c 7G(G) such that /g’ / =p; we 
assume without loss of generality that S’(G), the discrete topology on G, is not an 
element of +Y’. Now for go g’ let p(9) be the filter on G generated by the deleted 
Sneighborhoods of e-that is, set 
p(g)={AcG: thereis UegsuchthateEUandA>U\{e}}. 
Since g is a Hausdorff topology the filter p(g) is non-principal: p(g) ~@(a). 
Clearlyp(B) cp(g’) whenever gc g’ with $ g’~ %‘. Thus to show that the chain 
is as required it suffices to show that if p(S) cp(.F’) (with gand g’ non-discrete 
elements of E(G)) then .YS Y’. From p(g) c p(Y) it follows that every deleted 
S-neighborhood of e contains a deleted .Y’-neighborhood, so every Sneighbor- 
hood of e contains a .Vneighborhood of e; but then for XE UE Bthe set U contains 
a (deleted) Y-neighborhood of x, i.e., every Sopen set g’-open. q 
3.16. Corollary. Let a E CJ, and let G E AC with /G ( = a and r(G) 2 cc). Then 
(a) G satisfies C(&, 2@“) and C(L, (2a)+); 
(b) if (Y+ = 2” or (2a)+ = 2 (2”), then G satisfies C(&, 2(2”)). 3 
In Theorems 3.4 and 3.15 above we have shown for G E AS with 1 G 1 = (x that the 
existence of chains of length /? in certain subclasses of E(G) is equivalent to the 
condition C(2[:fl). Our efforts to achieve similar ‘necessity’ results in connection 
with Theorem 3.7(b), Corollary 3.9 and Theorem 3.14(b), however, have failed, and 
we note explicitly that the following questions are unsolved. 
3.17. Questions. Let a, /3 E QJ and 1 G 1 = a. Do either of the following conditions 
imply C(cr,j3)? Are these two conditions equivalent? 
(a) G satisfies C(&fl L, /?). 
(b) G satisfies C(Mrl &‘, p). 
4. Long chains when G is a free group 
We showed in Theorem 3.4 for a, p E QJ’ that condition C(2a, p) is equivalent to 
the condition that every G E As with 1 G 1 = (Y satisfies C@, j?). The corresponding 
equivalence cannot be established for groups G which are not necessarily Abelian, 
since there are groups G of arbitrarily large cardinality for which B(G) = 0. (It is 
a theorem of von Neumann [20, $181 that even in the discrete topology the special 
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linear group SL(2, C) is m.a.p. It then follows from the theorem of Weil [28] cited 
after Corollary 2.4 that for (~2 c the group G = 0, SL(2, C) satisfies /G ( = (Y and 
B(G) = 0; indeed if g-~ B(G) then the inclusion function from (G, S) into its Weil 
completion (G, g)- is a continuous homomorphism from G to a compact group 
which distinguishes points of SL(2,C).) We show in this section, however, that 
C(2a, p) is equivalent to C(& /3) for free groups G of cardinality Q. We begin with 
a lemma of independent interest. 
Definition (cf. [ll]). The finite index topology on a group G is the topological 
group topology on G for which 
{HEY(G): lG/‘HI <w} 
is a local base at eG. 
Evidently the condition that the finite index topology on a group G is a Hausdorff 
topology is equivalent to the condition that for eG #x~ G there is HE 8(G) such 
that x$ H and JG/H 1 <CO. Such a group is said to be residually finite. It is known 
(see [14] and [lo, Theorem 5.11) that every free group is residually finite. 
In what follows we use the symbol Yr(G), or simply & if ambiguity is unlikely, 
to denote the finite index topology on a group G. 
For an Abelian group H we denote by tH the torsion subgroup of H. That is, 
tH = {x E H: there is an integer n # 0 such that nx = eH} . 
As usual, a topological space X is said to be pseudocompact if every continuous, 
real-valued function on X is bounded. 
4.1. Lemma. Let F be a free group. Then (F, .Y[lr> is not a pseudocompact topo- 
logical space. 
Proof. Let F be freely generated by A G F and let h be the homomorphism from 
F to Z such that h(a) = 1 for all a EA. Fix p E P and note that for each basic neigh- 
borhood 
s = S, = {kp”: kEZ) 
of 0 = eZ in the p-adic topology 3(p) for Z the subgroup h-‘(S) has finite index in 
F (and is therefore gr-open in F). It follows that 
is a continuous function. If (F, .Yf) were pseudocompact then its continuous image 
(Z, T(p)> must also be pseudocompact, but this is ridiculous since a pseudocom- 
pact Lindelof space is compact [9, 8.2 and 5H.21 (alternatively: a normal pseudo- 
compact space is countably compact [9, 3D.21, so a pseudocompact metric space is 
compact). I7 
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In what follows we say that a (not necessarily Hausdorff) topological group 
topology on a group G is pre-compact if it is precompact with respect to its left 
(equivalently, its right) uniform structure. Using this terminology, a topological 
group topology g on a group G is totally bounded if and only if (G, S) is a pre- 
compact, Hausdorff topological group. It is not difficult to see that if $ and ,!Fz 
are pre-compact topological group topologies on a group G, then g, Vg2 is pre- 
compact, too. Indeed let do be the diagonal of G x G and let &, be the topology 
on A, induced by the product topology $ x T2 on G x G. It is well known that 
(G, 9, vT2z> is topologically isomorphic to (A,, &o>, and it is clear that g, is pre- 
compact. 
In the following lemma we use the (obvious) fact that if GEA__G and h E 
Hom(G,T), then h E t Hom(G,U) if and only if h[G] is a finite subgroup of U. 
4.2. Lemma. Let G be a residually finite Abelian group. Then (G, gfF)^ = 
t Hom(G, 8). 
Proof. (c) Let h E (G, &f>* and set I/= {zEU: Iz- l/ ~$1. Since h is .Fr-con- 
tinuous there is HE P’(G) such that IG/Hl <o and h[H] C_ V. Since h[H] is a sub- 
group of U contained in I/ we have h[H] = {l}, so 
as required. 
(c) If h it Hom(G, U) and H= kernel(h), then /G/HI <o so HE Yf. It follows 
that h is .Ff-continuous, as required. 0 
Lemma 4.2 may also be proved by applying standard structure theorems (see [13, 
24.26,7.7]) to the Weil completion of the totally bounded group (G, Tff>. 
4.3. Lemma (Remus [25, Lemma 2.61). Let G be a group and let H be a normal 
subgroup of G. Let 3, and 9-Z be topological group topologies on G such that 
every g2-neighborhood of eo contains H. If a, and a2 are the quotient topologies 
V2 is the quotient on G/H corresponding to .Y, and g2, respectively, then OZG, V 0; 
topology of g, v9-1. cl 
4.4. Theorem. Let o, p E CN and let F be a free group such that 
following conditions are equivalent: 
(4 Wa, PI; 
IFI =o. Then the 
(b) F satisfies C@, j?); 
(c) there is a chain g c B(F) with 1 ftl = p such that each ,Y-E Q satisfies SF L g 
(so by Lemma 4.1 each (F, 8) is not pseudocompact). 
Proof. Since (c) -+ (b) is obvious, and (b) + (a) is proved as in the first sentence of 
Theorem 3.4, it is enough to prove (a)+(c). 
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Let y be the free rank of F and let rr be the canonical projection from F onto the 
free Abelian group A = 0, Z. It is easy to see that the quotient topology on A 
derived from gr= gf(F) is the finite index topology 9-r(A). Of course, gr(A) is a 
Hausdorff topological group topology on A, and Horn@, U) = TTY. Since IRY is iso- 
morphic to a subgroup of Uy, Hom(A, 8) contains a torsion-free divisible subgroup 
N of cardinality 2a. According to [8, Theorem 21.21 there is L l B(Horn@, U)) 
such that Hom(A, T) = L ON and L 2 t Hom(A, U). Since INI = 2’ and C(2’, p) 
holds, by Corollary 2.4(b) there is a chain E of subgroups of Hom(A, U), each con- 
taining t Hom(A, T), such that (61 =/3. F rom Lemma 4.2 and Theorem 2.5 it follows 
that there is a chain @7’ of totally bounded topological group topologies on A, each 
finer than 9@l), such that jYZ’j =/3. 
Now for every $c Q’ let 5q be the (pre-compact, non-Hausdorff) topological 
group topology induced on F by g and the quotient map rc : F+A. According to 
the remark preceding Lemma 4.2, the topology YfVgq is a totally bounded topo- 
logical group topology on F for each $e 8’. We have .Yr(A) c $ for all re V. 
Since ~r~Y(1),#~‘~~(2), for .Y(l)#g(2) by Lemma 4.3, the chain ‘?Z= 
{&V&: go E?‘} is a chain as required. 0 
Remark. Another proof of Theorem 4.4 can be constructed via arguments used in 
the proof of Theorem 1 of [22]. 
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